In this paper we use Peter May's algebraic approach to Steenrod operations to construct Steenrod's reduced power operations in simplicial Bredon-Illman cohomology with local coefficients of a one vertex G-Kan complex, G being a discrete group.
the Bredon-Illman cochain complex. This brace algebra structure was used in [8] to deduce Steenrod's squares in Bredon-Illman cohomology with local coefficients that take values in Z 2 -algebras.
We have the notion of a 'universal O G -covering complex' of a one vertex G-Kan complex X [17] . This is defined as a contravariant functor from the category of canonical orbits to the category of one vertex Kan complexes and is the analogue, in the equivariant context, of the universal cover of a one vertex Kan complex [11] . This universal O G -covering complex comes equipped with an action of an O G -group πX (see Section 4 for details), and an equivariant analogue of the Eilenberg theorem holds [18] . Following Gitler [9] , we first construct the power operations in the πX-equivariant cohomology of the 'universal O G -covering complex'. This is done by applying the algebraic description of Steenrod power operations of P. May [14] . We then use the equivariant version of the Eilenberg theorem to reproduce Steenrod's reduced power operations in the present context. It may be remarked that our method also applies when p = 2 and hence also yields Steenrod squares (cf. Remark 5.15).
The paper is organized as follows: In Section 2, we recall some standard results and fix notations. The notion of equivariant local coefficients of a simplicial set equipped with a simplicial group action is based on fundamental groupoid. In Section 3, we recall these concepts and quickly review the definition of simplicial Bredon-Illman cohomology with local coefficients. In Section 4, we state the equivariant version of the Eilenberg theorem. In Section 5, we briefly recall the algebraic method of P. May and then apply it to construct Steenrod's reduced power operations in simplicial Bredon-Illman cohomology with local coefficients.
Preliminaries
In this section we set up our notations and recall some standard facts [10, 13] . Throughout, S will denote the category of simplicial sets and simplicial maps. Let ∆[n] denote the standard simplicial n-simplex and ∆ n be the unique non-degenerate n-simplex of ∆ Definition 2.1. Let G be a discrete group. A G-simplicial set is a simplicial object in the category of G-sets. More precisely, a G-simplicial set is a simplicial set {X n ; ∂ i , s i , 0 i n} n 0 such that each X n is a G-set, and the face maps ∂ i : X n → X n−1 and the degeneracy maps s i : X n → X n+1 commute with the G-action. A G-simplicial map between G-simplicial sets is a simplicial map which commutes with the G-action. where X × ∆[0] is identified with X. The map H is called a G-homotopy from f to g, and we write H : f G g. If i : X ⊆ X is an inclusion of a subcomplex and f , g agree on X , then we say that f is G-homotopic to g relative to X if there exists a G homotopy H : f G g such that H • (i × id) = α • pr 1 , where α = f | X = g| X and pr 1 : X × ∆ [1] → X is the projection onto the first factor. In this case we write H : f G g(rel X ).
Definition 2.3. A G-simplicial set is a G-Kan complex if for every subgroup H ⊆ G the fixed point simplicial set X
H is a Kan complex.
Remark 2.4. Recall [2, 7] that the category GS of G-simplicial sets and G-simplicial maps between G-simplicial sets has a closed model structure [19] , where the fibrant objects are the G-Kan complexes and the cofibrant objects are all the G-simplicial sets. From this it follows that G-homotopy on the set of G-simplicial maps X → Y is an equivalence relation, for every G-simplicial set X and G-Kan complex Y . More generally, relative G-homotopy is an equivalence relation if the target is a G-Kan complex.
We consider G/H × ∆[n] as a simplicial set, where
q with face and degeneracy maps as id ×∂ i and id ×s i . Note that the group G acts on G/H by left translation. With this G-action on the first factor and trivial action on the second factor,
Remark 2.5. We remark that for a G-simplicial set X, the set of equivariant n-simplices of type H in X is in bijective correspondence with n-simplices of X H . For an equivariant n-simplex σ, the corresponding n-simplex is σ = σ(eH, ∆ n ). The simplicial map ∆[n] → X H , ∆ n → σ will be denoted by σ.
We shall call σ degenerate or non-degenerate according to whether the n-simplex σ ∈ X H n is degenerate or non-degenerate. Recall that the category of canonical orbits, denoted by O G , is a category whose objects are cosets G/H, as H runs over the all subgroups of G. A morphism from G/H to G/K is a G-map. Such a morphism determines and is determined by a subconjugacy relation a −1 Ha ⊆ K and is given byâ(eH) = aK. We denote this morphism bŷ a [4] . Definition 2.6. A contravariant functor from O G to the category of simplicial sets S is called an O G -simplicial set. A map between O G -simplicial sets is a natural transformation of functors.
We shall denote the category of O G -simplicial sets by O G S. For a commutative ring Λ, let Λ-alg denote the category of commutative Λ-algebras with unity and algebra homomorphisms preserving unity. The category of Λ-modules and module maps is denoted by Λ-mod. The category of chain complexes of Λ-modules is denoted by ch Λ . The notion of O G -groups, O G -Λ-algebras or O G -chain complexes has the obvious meaning replacing S by Grp (the category of groups), Λ-alg or ch Λ , respectively.
For any two O G -simplicial sets (respectively, O G -groups) T and T , we define their
For a G-simplicial set X, with a G-fixed 0-simplex v, we have an O G -group πX defined as follows: For any subgroup H of G,
and for a morphismâ :
is the homomorphism of the fundamental groups induced by the simplicial map a :
and this action is natural with respect to maps of O G . Thus if
L → L are said to be homotopic if there exist natural transformations
such that {H n (G/H)} n 0 is a chain homotopy of the chain maps v(G/H), w(G/H) for each subgroup H of G. Symbolically we write H : v w.
If an O G -group ρ acts on L, L and v, w are ρ-equivariant, then v, w are said to be ρ-equivariantly homotopic if there exists a homotopy H : v w which satisfies
Note that a chain complex W can be considered as an O G -chain complex in the trivial way, that is, W (G/H) = W , W (â) = id. So the tensor product of W with an O G -chain complex is defined.
Throughout the paper, unless otherwise mentioned explicitly, all the tensor products are over the ring Λ.
Simplicial Bredon-Illman cohomology with local coefficients
In this section we recall [17] the relevant notion of a fundamental groupoid of a G-simplicial set X, the notion of equivariant local coefficients on X and the definition of simplicial Bredon-Illman cohomology with local coefficients.
We begin with the notion of a fundamental groupoid. Recall [10] that the fundamental groupoid πX of a Kan complex X is a category having as objects all 0-simplexes of X and a morphism x → y in πX is a homotopy class of 1-simplices → X corresponds to a 2-simplex, which is determined by the compatible pair (ω 0 , , ω 2 ). For a simplicial set X, the notion of a fundamental groupoid is defined via the geometric realization and the total singular functor.
The fundamental groupoid of a G-simplicial set is defined as follows:
The fundamental groupoid ΠX is a category with objects equivariant 0-simplices 
The set of morphisms in ΠX from x H to y K is a quotient of the set of pairs mentioned above by an equivalence relation ' ∼ ', where (â 1 , φ 1 ) ∼ (â 2 , φ 2 ) if and only if a 1 = a 2 = a (say), and there exists a G-homotopy [1] ). Since X is a G-Kan complex, by Remark 2.4, ∼ is an equivalence relation. We denote the equivalence class of (â, φ) by [â, φ] . The set of equivalence classes is the set of morphisms in ΠX from x H to y K .
The composition of morphisms in ΠX is defined as follows: Given two morphisms
where the first factor is the composition
→ X is an equivariant 1-simplex of type H as described below. Let x be a 2-simplex in the Kan complex X H determined by the compatible pair of 1-simplices (a 1 φ 2 , , φ 1 ) so that ∂ 0 x = a 1 φ 2 and ∂ 2 x = φ 1 . Then ψ is given by ψ(eH,
Observe that φ is a 1-simplex in X H such that ∂ 1 φ = x H and ∂ 0 φ = ay K . Moreover, the 0-simplex ay K in X H corresponds to the composition
It is proved in [17] that the composition is well defined. For a version for the fundamental groupoid of a G-space we refer to [12, 15] .
Observe that if X is a G-simplicial set then S|X| is a G-Kan complex, where for any space Y , SY denotes the total singular complex and for any simplicial set X, |X| denotes the geometric realization of X. H represents the 1-simplex in X H from x to y. Let x H and y H be the objects in πX H defined respectively by
Then we have a morphism [id, ω] :
. We shall denote this morphism corresponding to ξ by bξ.
Definition 3.4.
Equivariant local coefficients on a G-simplicial set X are a contravariant functor from ΠX to the category Λ-alg.
Next, we briefly describe the simplicial version of Bredon-Illman cohomology with local coefficients as introduced in [17] .
Let X be a G-simplicial set and M equivariant local coefficients on X. For each equivariant n-simplex σ :
The j-th face of σ is an equivariant (n − 1)-simplex of type H, denoted by σ (j) , and is defined by
H induced by σ, where
where for any equivariant (n + 1)-simplex σ of type H,
A routine verification shows that δ • δ = 0. Thus {C * G (X; M ), δ} is a cochain complex. We are interested in a subcomplex of this cochain complex as described below.
Then η and τ are said to be compatible underâ. Observe that if η and τ are compatible as described above then η is degenerate if and only if τ is degenerate. Moreover, notice that in this case, we have a morphism
is the simplicial map as described in Section 2. Let us denote this induced morphism by a * . 
Definition 3.7. Let X be a G-simplicial set with equivariant local coefficients M on it. Then the n-th Bredon-Illman cohomology of X with local coefficients M is defined by
Suppose that X, Y are G-simplicial sets and M, N are equivariant local coefficients on X and Y respectively. A map from (
We now define the cup product in simplicial Bredon-Illman cohomology with local coefficients. Let σ :
is the cochain whose value on σ is given by the formula
Therefore it induces a product in cohomology which is associative and graded commutative. Thus H * G (X; M ) is an associative graded algebra. Suppose M is equivariant local coefficients on a G-simplicial set X with a G-fixed 0-simplex v. Then M determines an O G -Λ-algebra M 0 equipped with an action of the O G -group πX as described below.
For any subgroup H of G, let v H be the object of type H in ΠX defined by
Then for any morphismâ :
We now describe the action of the
, is an equivalence in the category ΠX. This yields a group homomorphism
The composition of the map b with the group homomorphism
It is routine to check that this action is natural with respect to morphisms of O G .
Conversely, an O G -Λ-algebra M 0 , equipped with an action of the O G -group πX, defines equivariant local coefficients M on X, where X is G-connected and v ∈ X G a fixed 0-simplex [17] .
The Eilenberg theorem
In this section we recall a version of the Eilenberg theorem [18] for simplicial Bredon-Illman cohomology with local coefficients.
Let A Λ denote the category with objects the triples (
The ρ-equivariant cohomology of T with coefficients M 0 is defined as follows:
where C n (T (G/H); Λ) is the free Λ-module generated by the non-degenerate n-simplices of T (G/H). For any morphismâ :
is induced by the simplicial map T (â) :
is a natural transformation defined by
where ∂ n (G/H) is the ordinary boundary map of the simplicial set T (G/H). The action of ρ on T induces an action of ρ on the O G -chain complex {C * (T ), ∂ * }. We form the cochain complex
where Hom ρ (C n (T ), M 0 ) consists of all natural transformations C n (T ) f − → M 0 respecting the action of ρ and δ n f is given by f • ∂ n+1 . Then the n-th ρ-equivariant cohomology of T with coefficients M 0 is given by
is equipped with a cup product, defined as follows: We have a natural transformation
where ξ(G/H) is the Alexander-Whitney map for the simplicial set T (G/H), H ⊆ G [13] . We have a ρ-action on C * (T ) induced by the ρ-action on T and hence diagonal actions of ρ on T × T and on C * (T ) ⊗ C * (T ). Since the Alexander-Whitney map of simplicial sets is a natural map, ξ is equivariant with the induced actions of ρ on C * (T × T ) and C * (T ) ⊗ C * (T ). Then the cup product is defined as the composition of the maps
where f, g ∈ C * ρ (T ; M 0 ) and x, y ∈ C * (T )(G/H) and D : T → T × T is the diagonal map.
Remark 4.2.
The cochain complex C * ρ (T ; M 0 ), equipped with the above cup product, is an associative differential Λ-algebra, and the induced product in the cohomology is associative and graded commutative.
We now relate the simplicial Bredon-Illman cohomology with local coefficients of a one vertex G-Kan complex with the equivariant cohomology of its universal O Gcovering complex [18] .
Let X be a one vertex G-Kan complex. We denote the G-fixed vertex by v. Let M be equivariant local coefficients on X and M 0 be the associated O G -Λ-algebra, as described at the end of the previous section. For any subgroup H of G, let
=ã. This is called the universal O G -covering complex of X. This is the simplicial analogue of the O G -covering space as introduced in [15] . We refer to [12] for a more general version, called the 'universal covering functor'.
The natural actions of πX(G/H)
= π 1 (X H , v) on X(G/H) = X H as H varies over subgroups of G, define an action of the O G -group πX on X. Thus (X, M 0 , πX) is an object of A Λ .
Theorem 4.3 ([18]). Let X be a one vertex G-Kan complex with equivariant local coefficients M on it. Then, with notations as above, there exists an isomorphism of graded algebras
The proof is obtained by constructing isomorphism at the cochain level. The explicit isomorphism is described as follows [18] : Define
as follows: Let f ∈ S n G (X; M ) and y be a non-degenerate n-simplex in X H . Let σ be the equivariant n-simplex of type H in X such that σ = p H • y, where y :
The inverse of µ,
, is described as follows: Let f ∈ Hom πX (C n (X), M 0 ) and σ be a non-degenerate equivariant n-simplex of type H in X. Choose an n-simplex y in X H such that p H (y) = σ(eH, ∆ n ). Then µ −1 (f ) is given by
It is easy to check that µ(f
∪ g) = µ(f ) ∪ µ(g) for f, g ∈ S * G (X; M ). Hence we have an isomorphism µ * : H * G (X; M ) ∼ = H * πX (X; M 0 ) of graded Λ-algebras.
Steenrod reduced power operations
In this section we briefly recall the relevant part of the general algebraic approach to Steenrod operations by P. May [14] , necessary for our purpose. We apply this method to construct Steenrod power operations in equivariant cohomology of O Gsimplicial sets in general. In particular, for a one vertex G-Kan complex X, we have reduced power operations defined for πX-equivariant cohomology of the universal O G -covering complexX. We then apply Theorem 4.3 to deduce the Steenrod power operations in simplicial Bredon-Illman cohomology with local coefficients.
Let Λ be a commutative ring. By a Λ-complex K, we will mean a Z-graded cochain complex of Λ-modules with differential of degree 1. A morphism of Λ-complexes is a degree zero map commuting with the differential. If π is a group, then we let Λπ denote its group ring over Λ.
Let p be an odd prime and Σ p denote the symmetric group on p-letters. For the rest of this section, unless otherwise stated, Λ will be the commutative ring Z p and π will be the cyclic subgroup of Σ p , generated by the permutation α = (p, 1, 2, . . . , p − 1). If not mentioned explicitly, all tensor products are over the ring Λ.
Let V, W be free resolutions of Λ over ΛΣ p , Λπ respectively. We shall use the following canonical model of W : Let W i be Λπ-free module on one generator e i , i 0. 
Thus W is a differential Λπ-coalgebra and a Λπ-free resolution of Λ. We denote the p-fold tensor product K ⊗ · · · ⊗ K by K p . Then K p becomes a Λπ-complex by the following π operation:
if τ is the interchange of the i-th and (i + 1)-th factor. We consider W as a non-positively graded Λπ-complex. The inclusion of π in Σ p induces a morphism j : W → V of Λπ-complexes.
We have the following algebraic category C(p) on which the Steenrod operations are defined: The objects of this category are pairs (K, θ), where K is a Λ-complex, equipped with a homotopy associative multiplication K ⊗ K → K, and θ : W ⊗ K p → K is a morphism of Λπ-complexes, satisfying the following two conditions:
1. The restriction of θ to e 0 ⊗ K p is Λ-homotopic to the iterated product K p → K, associative in some order.
The morphism θ is Λπ-homotopic to a composite
the following diagram is Λπ-homotopy commutative:
The tensor product of two objects (K, θ) and (K , θ ) is the pair (K ⊗ K ,θ), wherẽ θ is the composite
Definition 5.1. An object (K, θ) ∈ C(p) is said to be a Cartan object if the product
For an object (K, θ) of C(p), there are maps
We make the convention that D i = 0 for i < 0. Then the Steenrod power operations
are defined by the following formulas:
where m = (p − 1)/2 and r = s + m(q + q 2 )/2. 
If (K, θ) is a Cartan object, then P s satisfies the Cartan formulas
can be defined, and βP s is the composition of P s with the Bockstein.
Next we recall the definition of an 'Adem object' in C(p) [14] . We need the following notations for the definition: Consider Σ p 2 as permutations on the p 2 symbols
Note that β and α i are of order p and the following relations hold: 
p by letting β act as a cyclic permutation on K p . By the previous paragraph this fixes an action of τ on
Let Y be any ΛΣ 
HereŨ is the shuffle map and Σ p 2 acts trivially on K.
The following relations among the operations P s and βP s are valid on all cohomology classes of Adem objects in C(p), p > 2 a prime [14] :
• If a < pb, then
• If a pb, then
where e = 0, 1 and β 0 P s = P s and β 1 P s = βP s . We apply the above algebraic construction to define Steenrod reduced power operations in equivariant simplicial cohomology of an O G -simplicial set, as defined in the Section 4. This is done by constructing a functor Γ from A Λ to C(p).
Let (T, M 0 , ρ) be an object of A Λ . Recall that the cochain complex C * ρ (T ; M 0 ), equipped with the cup product, is an associative differential graded Λ-algebra (cf. Remark 4.2). We now construct a morphism of Λπ-complexes 
which is natural in the L i and satisfies the following properties:
1. For σ ∈ π, the following diagram is commutative:
is the Alexander-Whitney map.
Any two such Φ are naturally equivariantly homotopic.
In the special case
we obtain a natural morphism of chain complexes of Λπ-modules
. Hence dualising ∆, we get a natural morphism of Λπ-complexes,
As before, let V denote a ΛΣ p -free resolution of Λ and j : W → V be the map induced by the inclusion π → Σ p . We apply Corollary 5.6 for the (sub)group Σ p to getΦ :
p . ThenΦ • (j ⊗ id) satisfies the first four conditions of Corollary 5.6 for the subgroup π and hence must be equivariantly homotopic to Φ. Therefore,θ :
is an object of the category C(p). Thus we obtain a contravariant functor Γ :
The next lemma is the key to show that (C * 
shuffle maps. Let t denote the flip map, that is, t(x ⊗ y) = y ⊗ x. Then there exists a homotopy
, so that the following diagram is homotopy commutative:
Moreover, the homotopy H is natural in the L i , S i and the following diagram commutes for σ ∈ π:
The proof is similar to the proof of Lemma 7.1 of [14] . Let us use the notation
We construct H on W i ⊗ A j by induction on i and for fixed i by induction on j. Note that the two maps agree on W ⊗ A 0 , so H is the zero map on W ⊗ A 0 . To define H on W 0 ⊗ A j , j 0, it suffices to define on e 0 ⊗ A j , since H can then be uniquely extended to all of W 0 ⊗ A j using the commutativity of the second diagram. The functor e 0 ⊗ A j is represented by the model ∆ [j] p × ∆[j] p and W ⊗ B j is acyclic on this model. Therefore, by the acyclic model argument, H can be defined on e 0 ⊗ A j , provided H is known on e 0 ⊗ A j−1 . But H has already been defined on W 0 ⊗ A 0 . Hence by induction on j, we can define H on e 0 ⊗ A j , j 0. To define H on W i ⊗ A j , assume that it has already been defined on W i ⊗ A j , i < i, j 0 and on W i ⊗ A j , j < j. Choose a Λπ-basis {w k } for W i . As before, it suffices to define H on w ⊗ A j , w ∈ {w k }. We can repeat the acyclic model argument replacing e 0 by w, and hence we are through by induction.
In the special case 
Proof. Let D, D , andD be the diagonals for T, T , and T × T respectively. Let
be the shuffle maps. Let t be the switch map. By the definitions of θ andθ, it suffices to prove that the following diagram of O G -chain complexes is Λ(π × ρ × ρ )-equivariant homotopy commutative:
Observe that the following diagram commutes by naturality of ξ:
Let F denote the following diagram of O G -chain complexes of Λ-modules: 
Hence the cup product is a morphism in C(p).
Next we show that (C * ρ (T ; M 0 ) is an 'Adem object' in C(p).
Proposition 5.12. For an object
Proof. With the notations of Definition 5.4, we first construct the map
The procedure is similar to the construction of θ. We remark that the proof of Lemma 5.5 works for any subgroup π of Σ r , r being any positive integer. Thus we have a chain map
satisfying properties of Lemma 5.5. As before, we specialize to L 1 = · · · = L r = L and take π = Σ r . The naturality of Φ with respect to maps of a simplicial set into itself allows us to pass to an O G -simplicial set T , equipped with an action of an O G -group ρ, so that we get Λ(
r . As a consequence, we obtain a map of 
(Cartan formula). For x, y ∈ H
q ρ (T ; M 0 ), P s (x ∪ y) = ∑ i+j=s P i (x) ∪ P j (y), βP s+1 (x ∪ y) = ∑ i+j=s [βP i+1 (x) ∪ P j (y) + (−1) deg(x) P i (x) ∪ βP j+1 (y)].
(Adem relation). If a < pb, then
If a pb, then
where e = 0, 1 and β 0 P s = P s and β 1 P s = βP s .
Proof. We only need to prove that Hence ∆(e i ⊗ x) = 0 for x ∈ C pq−i (T ).
Let X be a one vertex G-Kan complex and M be equivariant local coefficients of Λ-algebras on X, where Λ = Z p , p > 2 a prime. We define the Steenrod reduced power operations in simplicial Bredon-Illman cohomology with local coefficients by [9] .
Proof. Since the isomorphism µ * of the Eilenberg theorem, Theorem 4.3 is natural and respects the cup product, and the first part follows from Theorem 5.13.
For the second part, we just remark that when G is trivial, It may be mentioned that in this general setup cup-i products ∪ i : K ⊗ K → K are also defined and are given by
(See [14, §6] .) In terms of these ∪ i products, Steenrod's squares are given by Our approach is simplicial and the motivation comes from Gitler's work [9] . The key points of our construction are the use of general algebraic approach to Steenrod operations due to Peter May [14] and that of the equivariant Eilenberg theorem in the present context.
In contrast, for a topological space X equipped with an action of a topological group G, Ginot [8] gave a direct construction of Steenrod's squares on the BredonIllman cohomology of X with local coefficients M that take values in Z 2 -algebras. Ginot's idea was to deduce cup-i products on the Bredon-Illman cochain complex of X using a brace (or homotopy Gerstenhaber) algebra structure on this complex [16] . For p = 2 and a discrete group action, our construction leads to the same operations as defined in [8] via the geometric realization functor of simplicial sets.
